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Abstract

Recently, some extensions of the classical fuzzy sets
are studied in depth due to the good properties that
they present. Among them, in this paper finite
interval-valued hesitant fuzzy sets are the central
piece of the study, as they are a generalization of
more usual sets, so the results obtained can be im-
mediately adapted to them.

In this work, the cardinality of finite interval-
valued hesitant fuzzy sets is studied from an ax-
iomatic point of view, along with several properties
that this definition satisfies, being able to relate it
to the classical definitions of cardinality given by
Wygralak or Ralescu for fuzzy sets.

Keywords: fuzzy sets, hesitant fuzzy sets, interval-
valued hesitant fuzzy sets, cardinality.

1. Introduction

Grattan-Guinnes in [7] introduced the notion of hes-
itancy using the name of set-valued fuzzy set. Later,
Torra introduced the hesitant fuzzy logic in 2009
(see [15, 16]) as an intermediate step between type-2
fuzzy sets and interval-valued fuzzy sets. This type
of sets assigns a subset of the interval [0, 1] to each
element instead of a fuzzy set, which makes them
more manageable than type-2 fuzzy sets. Decision
making is the main application of the hesitant fuzzy
logic, where the opinion of different experts are sum-
marized in a single set (a hesitant fuzzy set).

Several extensions of the hesitant fuzzy sets
have been defined lately (see [13]). Among them,
interval-valued hesitant fuzzy sets introduced by
Chen et al. in 2013 (see [3]), whose membership
function assigns a union of disjoint closed subinter-
vals of [0, 1], or finite interval-valued fuzzy sets [9]
that restricts the definition introduced by Chen to
finite union.

For crisp sets, the concept of cardinality is intu-
itive and easy to define mathematically. However,
for fuzzy sets different definitions have been pro-
posed by several authors. De Luca and Termini in
1972 (see [6]) defined the basic o-count cardinality.
Ralescu proposed in 1995 (see [12]) the concepts of
fuzzy and non-fuzzy cardinality. From an axiomatic
point of view, Wygralak gives a definition of scalar
cardinality for fuzzy sets in 2003 (see [17]).

© 2015. The authors - Published by Atlantis Press
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The aim of this paper is to study the concept of
cardinality for finite interval-valued hesitant fuzzy
sets from an axiomatic point of view. After pro-
viding an axiomatic definition, some properties of
these cardinalities are shown. In particular, two
cardinalities are studied as they present good prop-
erties when restricted to fuzzy sets. The first one
matches with o-count cardinality given by De Luca
and Termini [6], and the second one with the non-
fuzzy cardinality defined by Ralescun [12]. Other
results around the axiomatic definition of cardinal-
ity for finite interval-valued hesitant fuzzy sets are
studied, where some properties of this cardinality
are shown.

The remainder of the paper is set out as follows:
Section 2 presents preliminary concepts. Section 3
is focused on the new definition of cardinality for
finite interval-valued hesitant fuzzy sets and related
results. In Section 4 the main conclusions of this
work are highlighted.

2. Preliminaries

In this section, the necessary concepts to follow the
paper are given. The definitions that are about to
be shown, are well known and can be found in sev-
eral sources, such as [8]. All these definitions, are
important to compare both logics, fuzzy and hesi-
tant, and to understand the motivation of the sec-
ond one.

The definition of fuzzy set must be the first one
to be presented, as it is the basis of all the fuzzy
logic and the consequent studies. It was given for
the first time by Zadeh (see [20]). Given a fuzzy
set A, its membership function is denoted by 4.
Furthermore, the set of all fuzzy sets in X is denoted
by FS(X).

In the following parts of the paper, the concepts
of intersection and union of fuzzy sets will be nec-
essary. There are several possibilities to choose. In
this work, the standard ones are selected, which are
given as follows:

Definition 2.1 Given X a non-empty set and
A,B e FS(X), then:

pavs(z) = maX{NA($)nuB(x)}v Vo € X,
bans(2) = min{ua(2), us(2)}, Vo € X.



The interval-valued fuzzy sets are a generalization
of the fuzzy sets, where each point is associated to
an interval instead of just one value. This concept
was originally developed by Sambuc (see [14]).

Definition 2.2 Let X be a non-empty set. Given
the membership function:

wa: X — L([0,1]),

where L([0, 1]) denotes the family of all closed subin-
tervals of [0,1], then, the set A = {(z,pa(x) =
[pa(@)E pa(x)V])|z € X} is an interval-valued
fuzzy set in X.

The set of all interval-valued fuzzy sets in X is
denoted by IVFS(X).

Hesitant fuzzy logic was recently defined by Torra
in [15, 16], although the first introduction of this
concept was made by Grattan-Guinnes in [7], un-
der the name of set-valued fuzzy set. Nevertheless,
unlike Grattan-Guinness, Torra provided functional
definitions of union and intersection for them. Sev-
eral papers related to this logic have been published,
such as [2], where the basic concepts can be found.

Let P([0,1]) denote the family of subsets of the
closed interval [0, 1]. A typical hesitant fuzzy set is
defined as follows (see [1, 2]):

Definition 2.3 Let X be a non-empty set and H C
P([0,1]) the set of all finite non-empty subsets of the
interval [0,1]. Given the membership function:

pa X — H,

then, the set A = {(z,pa(z))|z € X} is a typical
hesitant fuzzy set in X.

The set of all typical hesitant fuzzy sets in X is
denoted by THF S(X).

The membership function of a typical hesitant
fuzzy set gives for each element of X a finite subset
of the interval [0,1]. However, a generalization has
been recently developed by Pérez et al. (see [9]), the
finite interval-valued hesitant fuzzy sets. This type
of sets replaces finite subsets by subsets which are
generated by a union of a finite number of closed
intervals.

Before providing the definition of this new kind of
sets, we introduce the notion of a finitely generated
set, and some related concepts that are necessary in
the forthcoming results.

Definition 2.4 Let n € N. The class of n-finitely

generated sets in [0,1] is given by

FG,([0,1))

{rcpor=yun
i=1

where I; € L([0,1]), Vi=1,...

S 1.
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The class of finitely generated sets in [0,1] is
given by

oo
FG([0,1]) = |J FGa(10,1]).
n=1
Some operations between finitely generated sets
were given by Chen et al. in [4]. Among them, the
most important ones for the study of the cardinality
are the union and intersection.

Definition 2.5 Let I,J € FG([0,1]) such that

1= Ejji: G[If,fiU] and J = Ejji: G[J{J,Jil]]’
1=1 i=1 =1 P

where I; and J; are pairwise disjoint closed subin-
tervals of [0,1] respectively. Then:

IvJ = {max(l},J),max(I/, J7)]|
Vizl,...,n;, ijl,...7nJ},
INT = Amin(Zf, J7), min(Zy, J7)]|

Vi:17...,n1, VJ:1,77’LJ}

We have developed the next proposition related
to intersection of finitely generated sets, as in the
forthcoming section, it is an important result.

Proposition 2.6 Let I,J two FG([0,1]) such that
INT =0, thenI =0 or JJ=0.

After these prior concepts, the definition of a fi-
nite interval-valued hesitant fuzzy set is given as
follows (see [4]).

Definition 2.7 Let X be a non-empty set. Given
the membership function:

pa: X — FG([0,1]),

then, the set A = {(z,pa(z))|x € X} is a finite
interval-valued hesitant fuzzy set in X.

The set of all finite interval-valued hesitant fuzzy
sets in X is denoted by IVHFS(X).

For every finite interval-valued hesitant fuzzy set,
and for each point z € X, the value of the mem-
bership function consists of n, closed intervals that
generates the finitely generated set. Obviously, in a
finite interval-valued hesitant fuzzy set, some of the
closed subintervals can be degenerated, i.e., single-
tons. If all the intervals are degenerated, then we
recover typical hesitant fuzzy sets.

Intersection and wunion definitions for finite
interval-valued hesitant fuzzy sets are necessary,
and are obtained adapting the ones given for finitely
generated sets in Definition 2.5.

Definition 2.8 Let X be a mon-empty set, and
A,B e IVHFS(X). Then:

e AV B is given by the membership function
tavp, such that for each v € X, pavp(x) =

pa(x) Vs (),



e A AN B is given by the membership function
wanp, such that for each x € X, papp(x) =

pa(z) A pp(w).

The next finite interval-valued hesitant fuzzy set
will be necessary in the axiomatic definitions of car-
dinality.

Definition 2.9 Given X a non-empty set, a €
FG(]0,1]) and z € X, the set a/x € IVHFS(X)
is given by the membership function fi,/, where
,Lta/w(x) =a and /ua/x(y) =0, Yy # .

In the following remark, particular cases for fuzzy
sets and interval-valued fuzzy sets are given.

Remark 2.10 Given a/x € IVHFS(X) as in the
previous definition,

e ifa C[0,1], then a/x € FS(X)[17],
e ifa C L([0,1]), then a/z € IVFS(X) [5].

An ordering relation for finite interval-valued hes-
itant fuzzy sets is also necessary in the following
section for the development of cardinality of this
type of sets. Several orders have been defined by
Pérez et al. in [9]. In our work, the chosen ordering
relation is related to Xu and Yager (see [18]) total
ordering relation for intervals, which is given next,
before than the developed ordering relation for fi-
nite interval-valued hesitant fuzzy sets is presented.

Definition 2.11 Given x = [zL2Y], vy =
[yt yY] € L([0,1]), and the score and accuracy
functions S(x) = 2V — 2 and H(x) = 2% + 2V
respectively. Then, the total ordering relation <xy
s given as follows:

H(x) < H(y),
X <xyy < or
H(x)=H(y) and S(x) < S(y).

In the following definition, the used ordering re-
lation for finite interval-valued hesitant fuzzy sets
is given, which has been proven to be an ordering
relation in our previous paper (see [10]).

Definition 2.12 Let X be a non-empty set with
cardinality N, A;B € IVHFS(X) such that Vx €
X:

A

nl)

UA“ = Y ar,

=1

n?
UB“—UB’” , B,

=1

where for simplicity and without loss of generality
it is supposed that the sets are ordered increasingly,
z'.e., AZm SXY A;-E+1, B;C SXY B?Jrl, andAfﬂAf = @
and Bf N Bf = .

Given I € FG([0,1)), and S and H the following
functions (score and accuracy, respectively):

nr L U
S() =S (1Y — 18, H(I) = mz(f st )

i=1 i=1
then, A < B if only if

(a) H(pa(z)) < H(pp(z)) Yz € X and
I s. t. H(pa(x')) < H(pp(a')) or
(

(
)

(b) H(pa(x)) = H(pp(z)) Vo € X and
(

B
(b1) S(pa(z)) < S(up(z)) Vo € X and
Az’ s t. S(pa(z’)) < S(us(a’)) or

(b2) S(MA( ) = S(up(2)) Vo € X and

(b2.1) n4 <nB Vvx e X and

3’stn <nb or

(b2.2) n2 :nf,Af §B;'-” and
A" < B VreX,Vi=1,...,n

x

One of the main interests of the finite interval-
valued hesitant fuzzy sets lies on the fact that they
generalize fuzzy sets and interval-valued fuzzy sets.

The last part of this section is related to the car-
dinality of fuzzy sets. The capability to count ele-
ments in a set is straightforward when working with
crisp sets. However, this task is harder to carry out
when we are dealing with another types of sets, such
as fuzzy sets or interval-valued fuzzy sets.

For this reason, several authors have developed
different ways to measure the cardinality of these
types of sets. Some proposals for fuzzy sets have
been tried, such as o-count, given by De Luca and
Termini (see [6]).

Definition 2.13 Let X = {z1,...,an} and A €
FS(X) be two sets, the o-count cardinality of A is
given by:

N
Al =3 pala:)
i=1

However, this cardinality is hard to understand,
as most of the time the obtained value will be a non
integer number.

One of the most important attempts to achieve
the cardinality of fuzzy sets has been given by
Ralescu (see [12]), where he shows a non fuzzy car-
dinality for this type of sets. In the next definition,
the original proposal is given as in [12].

Definition 2.14 Let X = {z1,...,xn} be a set
and A a FS(X) where pa is its membership func-
tion, the values pa(x1),...,ua(xn) are ordered de-
creasingly, where ;) denotes the i-th largest value,
such that:

1=po) 2 pa ==y 2 s =0.

Then, the non-fuzzy cardinality is given by:
0, if A=10,

|Alr =< if A# 0 and pgy > 0.5,
j—1, if A#0 and py <0.5.



where j = max{l <t < N|p—1) + pe > 1}

In the same work, Ralescu proves the next result
that will be useful in our paper.

Proposition 2.15 Let X = {z1,...,zn} be a set
and let A, B two FS(X), then:

|AUB|r = |Alr + [Blr — |AN Blg,

where |-|r represents the non-fuzzy cardinality given
in Definition 2.14.

This cardinality has been applied in different
works, such as in [11], where an approach to pro-
tect the privacy of microdata using fuzzy partitions
is developed.

Another remarkable definition of cardinality for
fuzzy sets has been given by Wygralak (see [17]),
where instead of giving a fixed function as Ralescu
did, he proposed an axiomatic definition of cardi-
nality.

Definition 2.16 Let X = {z1,...,zn} be a set,
the mapping | - | : FS(X) — [0,00) 4s a scalar car-
dinality measure for fuzzy sets if it satisfies the fol-
lowing properties, given A,B € FS(X) , z,y € X
and a,b € [0,1]:

1. |1/z| = 1, (coincidence)
2. a <b=|a/x| <|b/y|, (monotonicity)
3. |AUB|=|A|+|B| if AN B = 0. (additivity)

It is easy to prove that Ralescu non-fuzzy car-
dinality and De Luca and Termini o-count are
Wygralak scalar cardinalities.

There are other definitions of cardinality for fuzzy
sets (such as the one provided by [19]). However, in
this subsection we only described the ones needed
for a better understanding of the work.

In the following section, a new proposal is given
to measure the cardinality of finite interval-valued
hesitant fuzzy sets in a similar way as the scalar car-
dinality given by Wygralak. Furthermore, results
that allow us to relate them with the most usual
cardinalities for fuzzy sets when restricted to them
are also given.

3. Cardinality for finite interval-valued
hesitant fuzzy sets

One of the topics related to finite interval-valued
hesitant fuzzy sets that, to the best of our knowl-
edge, has not been dealt with yet is the cardinality.
Obviously, due to the definition of the membership
functions, this is a more difficult approach than with
crisp or fuzzy sets.

Our aim in this section is to tackle this problem,
with an axiomatic definition of cardinality for finite
interval-valued hesitant fuzzy sets. Particular cases
will be shown too, and proven that they are closely

related to o-count and the non-fuzzy cardinality for
fuzzy sets.

In the following definition, the axiomatic defini-
tion of cardinality for finite interval-valued hesitant
fuzzy sets is given, with a similar structure to the
one given by Wygralak in Definition 2.16.

Definition 3.1 Let X = {x1,...,zn} be a set, the
mapping | - | : IVHFS(X) — [0,00) is a scalar
cardinality measure for finite interval-valued hes-
itant fuzzy sets if it satisfies the following prop-
erties, given A,B € IVHFS(X), z,y € X and
a,b e FG([0,1]):

1. |1/x| =1, (coincidence)

2. a <b=|a/x| <|b/y|, (monotonicity)

3. |Av B|=|A| +|B| if AN B =0, (additivity)
where V and A are given by Definition 2.8.

Remark 3.2 It must be noted that the ordering re-
lation used for finitely generated sets in the second
axiom is the one given in Definition 2.12 when X
is a singleton.

Some important properties that scalar cardinali-
ties for finite interval-valued hesitant fuzzy sets sat-
isfy are shown in the next result. Note that if A, B
are IVHFS, then their union (intersection) is an
IVHFS set, which values at x are the unions (inter-
sections) derived from Definition 2.5.

Proposition 3.3 Let X = {x1,...,zn} be a set
and let |- | : IVHFS(X) — [0,00) be a scalar car-
dinality measure for finite interval-valued hesitant
fuzzy sets. Then, it satisfies the following proper-
ties:

(i) Given Ai,...,A, € IVHFS(X) such that
A; NA; =0, Yi#j. Then,

=D 1Al
i=1

(i) Given A,B € IVHFS(X) such that A < B,
then |A| < |B].

n

v

i=1

(iii) If A is a crisp set, then |A| € N.
(iv) Given z,y € X and a € FG([0,1]), then
la/x| = la/yl.

(v) Given A,B € IVHFS(X) and a bijection o :
{1,...,N} = {1,...,N} such that pa(x;) =
MB(.%‘J(Z-)), Vie{l,...,N}, then |A| = |B].

(vi) |#] =0 and | X| = N.
(vii) 0 < |A] < N.

In the next theorem, a simplification is proposed
in order to obtain scalar cardinalities in an easier
way than the original definition.



Theorem 3.4 Let X = {z1,...,xn} be a set, the
mapping |- | : IVHFS(X) — [0,00) is a scalar car-
dinality for finite interval-valued hesitant fuzzy sets
if and only if it exists a mapping f : FG([0,1]) —
[0,1] that satisfies the following properties:

1. f({0}) = 0 and f({1}) =1,

2. gwven a,b € FG([0,1]) such that a < b, then
fla) < f(b),

such that for every A€ IVHFS(X):

N
A=Y F(pae)

Proof Firstly, let us suppose that |-| is a scalar car-
dinality. Let us define the mapping f : FG([0,1]) —
[0,1], where f(a) = |a/z|, with a € FG([0,1]) and
whichever © € X (as it does not matter this choice
by property (iv) in Proposition 3.3).

As any set A € IVHFS(X) can be decomposed

N
as A = \/ wa(z;)/z;, by property (i) of Proposition
i=1
3.3,
N N
Al = \/MA(wi)/xi = |palwi)/zi| =
i i=1

Zmam ZMMZ

Therefore, it is enough to see that f satisfies the
two properties of the theorem:

1. Applying property (vi) of Proposition 3.3 and
the first axiom of scalar cardinality respec-
tively:

f{0})
fF{1})

0/z| = |0] =0,
/2| = 1.

2. Given a,b € FG([0,1]) such that a < b, then by
the second axiom of scalar cardinality, |a/x| <
|b/x|, and by definition of f, f(a) < f(b).

In the second part of the proof it is supposed that
it exists a mapping f as defined in the theorem. To
see that |- | is a scalar cardinality, the three axioms
of Definition 3.1 must be proven.

1. Given z € X:

Mz

|1/ x|

,ul/w a:z

- Df{op) +r{1p) =1,

=1

Il
/—\

2. Given z,y € X, and a,b € FG([0,1]) such that
a < b, by hypothesm, f(a) < f(b). By defini-
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tion of the sets |a/z| and |b/y|:

N
la/z| = Zf(/ia/x(%')) = f(a) <
N
b) = Zf(ub/y(wi)) = [b/yl-

3. Let A,B € IVHFS(X) such that AA B = 0.
By Proposition 2.6, it is known that p(z) =0
or ug(z) = 0 for every z € X, which means
that the intersection of the support is null,
where the support is denoted and defined as

Supp(A) = {z € X|ua(z) # {0}}. In our case,
Supp(A) N Supp(B) = 0 and Supp(AV B) =
Supp(A) U Supp(B). Thus:

2

z€Supp(AVB)

Z fua

z€Supp(A)

+ > fluslx) =
z€Supp(B)
Al + B,

|AV B flraus(z)) =

() +

as for every x ¢ Supp(A), pa(x) = {0} and as
a result f(ua(z)) = 0. Respectively for B and
AvB. 1

As it has been previously said, this result provides
an alternative way to obtain a scalar cardinality,
just with a mapping satisfying the two axioms. An
example obtained from this last theorem is given
next.

Example 3.5 Given the set X = {x1,...
mapping |-|: IVHFS(X) —
for every A € IVHFS(X):

,TN}, the
[0,00) given such that

N
Al = ZH(MA(%))

where H is the accuracy function given in Definition
2.12, is a scalar cardinality for finite interval-valued
hesitant fuzzy sets.

Remark 3.6 It must be noted that the previous ez-
ample, when it is restricted to fuzzy sets, matches
the o-count cardinality.

This axiomatic definition allows to classify a wide
range of functions as cardinalities for finite interval-
valued hesitant fuzzy sets, avoiding the restriction
to a fixed one. However, a particular case will be
highlighted in this section due to the special prop-
erties that it presents when it is restricted to fuzzy
sets.

Firstly, a way to obtain a fuzzy set from a finite
interval-valued hesitant fuzzy set using the accuracy
function given in Definition 2.12 is presented next.
Furthermore, a result related to this definition is
given right after.



Definition 3.7 Let A be a IVHFS(X), the fuzzy
set A" = {(x,pa (z))|z € X} obtained from A is
defined as:

par(z) = H(pa(z)), Ve € X ={z1,...,2n},

where H represents the accuracy function given in
Definition 2.12.

Proposition 3.8 Given A,B € IVHFS(X) such
that AN B = (), then:

(AvB) =A"UB'.

In the following example, the aforementioned par-
ticular case is shown.

Example 3.9 Given the sets X = {x1,...,zn},

A€ IVHFS(X) where

pal(z;) = \/ AT = \/[Aj ,Afl ], Vi=1,...,N,
j=1 j=1

and A’ € FS(X) obtained as in Definition 3.7,
the finitely generated sets pa(x;) Vi = 1,...,N,
are ordered decreasingly, where pi;) denotes the i-th
largest value such that:

>

L= puo) 2 pay =+ 2 vy = pn+1) = 0.

Then, the function || : IVHFS(X) — [0,00) given
by:

0, if A= @,
where

j=max{l <t < Nlug_1)+ pe) > 1},

s a scalar cardinality for finite interval-valued hes-
itant fuzzy sets.

Remark 3.10 It is immediate to see that the scalar
cardinality | - | given in Ezample 3.9 restricted to
fuzzy sets matches Ralescu’s cardinality for fuzzy
sets (Definition 2.14), as given A € FS(X),
H(pa(z;)) = pa(z) Ve € X, so A’ = A, and the
remainder of the process is the same. It also must
be noted that |A| = |A'|g.

4. Conclusions

Along this work, the definition of cardinality for
finite interval-valued hesitant fuzzy sets has been
tackled from an axiomatic point of view. Further-
more, different results have been developed around
this definition. From this perspective, cardinality is
not fixed to a single function, but a wide range of
mappings are considered as cardinalities.

It has also been shown the close relation of this
definition with more usual ones in the fuzzy logic.
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The own axiomatic definition is the one given by
Wygralak for fuzzy sets. On the other hand, and
supported by all the results given, two examples
has been given. These examples, when restricted
to fuzzy sets, are the well known fuzzy cardinalities
o-count and non-fuzzy cardinality.

This axiomatic definition allows to measure the
cardinality of a finite interval-valued hesitant fuzzy
set, remaining close to the most well known cardi-
nalities in other type of sets, thanks to the general-
ization that finite interval-valued hesitant fuzzy sets
provide.
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