Contents

Part I Basic Tools for Machine Learning

1

Mathematical Preliminaries .........................o.o 3
LT MerIC SPaCe. ..ot ettt 3
1.2 VeCtOr SPacCe ... ..vviiiiiiiiiiiiiii e -+
1.3 Banach and Hilbert Space..............ccooiiiiiiiiiiii s 6
1.3:1  Basisand Prames oot ussanainsas s sea s 7
1.4 Probability Space..........oooiiiiiiii 9
1.5 Some Matrix AlSEBEa voe b e cinteesnl s s, e aun 11
1.5.1  Kronecker Product............coooiiiiiiiiiii i 13
1.5.2  Matrix and Vector Calculus .........c.oooiiiiiiiininnn. 15
1.6 Elements of Convex Optimization...........coovvvviineiiniiinnanns 17
1:6:1 SOmEDENNIONS s saurmi ivirss s SasEaa o8 Tt 17
1.6.2  Convex Sets, Convex Functions. .......oooveeeeiievinnnns 19
1:6.3:  SuUbdIfferentials . .cumnmase v s nern sasas 20
1.6.4  Convex CONJUZALE .....uvvvvtiiiiiieeeeiiiiiieeeeeiiinnaes 21
1.6.5  Lagrangian Dual Formulation..........................o... 24
O 2 S (T P 27
Linear and Kernel Classifiers .......................ooo 29
P I 111 (o1 L) (o1 L) 1 ey 29
2.2 Hard-Margin Linear Classifier................oooiiiiiiiicin .. 31
2.2.1  Maximum Margin Classifier for Separable Cases ........ 31
2.2.2  Dual Formulation .............cooiiiiiiiiiiiiiiniiaenns 33
2.2.3  KKT Conditions and Support Veclors ..................... 35
2.3 Soft-Margin Linear Classifiers...........cccovviiiiiiiiiinininen. 36
2.3.1  Maximum Margin Classifier with Noise .................. 36
2.4 Nonlinear Classifier Using Kernel SVM ... 39
24.1  Linear Classifier in the Feature Space ..................... 39
242  Kernel Trick......ccoovvvviiiiii i 40
2.5  Classical Approaches for Image Classification ..................... 42
226 T KCTCISEE e sos:es s oot aie 6751051540558 S 5 e A0 R e 1 43

Xi



xii Contents

3 Linear, Logistic, and Kernel Regression ................................. 45

BT DO DRI 000 it e T SRR 35838 B 5 45

32 Linear REGIESSION . oiusnsss insmsnhaviiiaiinisssmsns i aiies i 46

32.1  Ordinary Least Squares (OLS).............oooiiiviiannn. 46

3.3 Logistic Regression ... 48

33.1  Logits and Linear Regression ...........................L. 48

33.2  Multiclass Classification Using Logistic Regression ..... 50

34 Ridge Regression ... ... 51

355 Kernel- RegressiOn . sirsem s visants ine sy vimbisis s s 52

3.6 Bias—Variance Trade-off in Regression ............................. 55

3.6.1 EBXamples. . iiciiiiiiiiinsivnitebmnensenen nessns s sasns 56

37 EXEICISES ..ttt ettt e e 58

4  Reproducing Kernel Hilbert Space, Representer Theorem............ 61

2 76 O 6111 (0111 1 o, TR B St B g o S 61

4.2 Reproducing Kernel Hilbert Space (RKHS) ........................ 62

4.2.1  Feature Map and Kernels............................... 63

4.2.2  Definitionof RKHS ... 65

4.3 Representer Theorem ........ ..., 68

4.4 Application of Representer Theorem.............................. 69

4.4.1  Kernel Ridge Regression...........c.ccoiiiiiiin.... 69

44,2 Kernel SNV oo v e v dvi saths baint das 71

4.5  Pros and Cons of Kernel Machines.........................o e 73

4.6 ERRTCISEE  r s v i i b« s i e el i e e 74
Part II Building Blocks of Deep Learning

5 Biological Neural Networks ... 79

I {111 T4 L) i Lo ) 79

o (11 o) 1 80

521 Anatomy of NEurons .........ccoviiiiiieiiiiiiiiieaniinns 80

5.2.2  Signal Transmission Mechanism .......................... 80

523  Synaptic Plasticity ..........oooviiiiiiii 82

5.3 Biological Neural Network ......ccocai st s fcivasiip dunans vasios 84

5131 Visual SYStem ccosrieeinpons v soms st s s 84

53.2 Hubel and Wiesel Model ..z ceniiiimmmitinas i 86

533 Jennuer-AAMSIONCell oo nivimiainsshas i St 88

S EXEICISES « ..t et it e 90

6  Artificial Neural Networks and Backpropagation ...................... 91

6.1 Introduction..........ooiiiiii e 91

6.2 Artificial Neural Networks. ... ..., 91

0.2 NOWEON: s s e s s s e ot 91

6.2.2  Modeling a Single Neuron .............cooviviiiiineenn... 92

6.2.3  Feedforward Multilayer ANN ............................. 95 .



Contents Xiii
6.3  Artificial Neural Network Training.............ccovvvvvviiiinnnnenn, 96
6.3.1 Problem Fommulationffsemedibaralint o dinnainaan, 96

6.3.2 Optimizers :UdasBamatdheiabl sovid o, 97

6.4 The Backpropagation Algorithm ..., 102
6.4.1  Derivation of the Backpropagation Algorithm ............ 102

6.4.2  Geometrical Interpretation of BP Algorithm .............. 105

6.4.3  Variational Interpretation of BP Algorithm ............... 106

6.44  Local Variational Formulation ....................... ... 109

05 HXEreiSes . v s o s innns sn e et e 110
7  Convolutional Neural Networks ..................... 113
7.1 InroduCtion .. ....ovviviii e 113
7.2 History of Modern CNNs ... 114
20/ MR [ 4\ [ SR AR S N P 114

T:2:2 GOOBLEINET: i e siicnin o s e o b s s o e it 115

T3 NGGENets oot sobeisa oo b s e sea st 116

T 2:4 - ResNEtharns o st e sinn it an e sns e cinin 117

T25  DenseNel.. ..o 117

T2.6  U-Nel.oiii i 118

7.3: Basic Building Blocks of CNNS .. ... oueivvintvusidinsmmsmroran i 119
T3:l . CONVOIMHON osicus . oo hn ol imatdvn s e senmunns 4 sntmaee 119

7.3.2  Pooling and Unpooling............oooviiiiiiiiiiniinnninns, 120

7.3.3  Skip CONNECHON ....vvtinei i 124

7.4 Training CNNS ... s 125
741  Loss FUnclions ... 125

742  DataSplit ...covvviiiiiiiiii s 126

30 ReoulaniZation . .c.era0s e spamb o s st s rsns 127

75y, Visualizing ENNS-2 . oocoat o i secm e s o s mmteber s 128
7.6 Applications of CNNS.......ooiii i 130
TT BXEICISES ..ottt 131
8 Graph Neural Networks ... s 135
Bl INIEOAUCHION e suus snsusran srdirstisntalininucerin Mietansdes vt dach v siselsarandondivs 135
8.2 Mathematical Preliminaries. .. .. .ocooviivmi v sdaarbsvnins 137
8.2.] . Definition: et cedeimiiossmimm v ibn s s e dsss e sies 138

8.2.2  Graph Isomorphism ..o, 138

8.2.3  Graph Coloring ........coviiiiiiiiiiiiiii e 139

8.3 Related Works ..ot e 139
8.3.1  Word Embedding ..., 140

832  Loss Function;# isiuse. cviecniiasiinmmiens s vonsesssasans 144

84  Graph Embedding. cospen sk mdfivins it dosa st viis 146
8.4.1  Matrix Factorization Approaches .......................... 146

8.4.2 Random Walks Approaches..................ooooiiiis 147

8.4.3  Neural Network Approaches .............ooovvvviiiiinnn... 148



Xiv Contents

8.5 WL Test, Graph Neural Networks ..., 150

8.5.1  Weisfeiler-Lehman Isomorphism Test .................... 150

8.5.2  Graph Neural Network as WL Test...............ooovee. 152

8.6  Summary and QOutlook .......cooiiiiiiii i 153

BT EXerciseilubls timio wavit sodnm i i ensboi o duis Sadeias sy 153

9  Normalization and Attention ............. ... 155

01 INrOOUCHION i i s v i i s s it o e S 068 b dRme s 155

.11 NOWLOM 4ttt eaes 156

0.2 Normalization ...........ooiviiiiiiiiiiiii 157

9.2.1 Batch Normalization. ... skt fistesbah cnas s sobiesahi i v 157

9.2.2  Layer and Instance Normalization......................... 159

9.2.3  Adaptive Instance Normalization (AdaIN) ................ 161

9.2.4  Whitening and Coloring Transform (WCT)............... 163

9.3 ALENIION e 164

9.3.1  Metabotropic Receptors: Biological Analogy............. 164

9.3.2  Mathematical Modeling of Spatial Attention ............. 166

9.3.3  Channel AUention .........c..oceeviiiiiiiieiiiiineeana., 168

9.4 ApPlICAtIONS ....oooniiiiiii i 169

Ol SYIEGAN (v sifmeset s oa s i s v s s e i 169

9.42  Self-Attention GAN ... 170

9.43  Attentional GAN: Text to Image Generation.............. 172

9.4.4  Graph Attention Network ..o 172

o B e T ) 119 (1) 4 1 1= GO 174

0.4:6  BERT . i ooissnn s iemim s o v s i o ey 178

9.4.7  Generative Pre-trained Transformer (GPT) ............... 182

9.4.8  Vision Transformer ................cooiiiiiiiiiiinns 185

9.5  Mathematical Analysis of Normalization and Attention ........... 185

0.0 EXOICISES ...ttt et 189
Part ITI Advanced Topics in Deep Learning

10 Geometry of Deep Neural Networks......................co, 195

101 INtroduction .. ...ttt 195

10.1.1 Desiderata of Machine Learning........................... 196

10.2 Case STUAIES . ..vuveete et 197

10.2.1 Single-Layer PErCEPron . .outsvivitivsinssnmnvasvaawansasss 197

10.2.2  Frame Representation ...........coooiiiiiiiiiiiiiaiiaian, 198

10.3 Convolution Framelets ..o svmiiivommgait s siepaanissvsss 203

10.3.1 Convolution and Hankel Matrix ........................... 203

10.3.2  Convolution Framelet Expansion .............oocovvvnvenns 205

1033 Link to CNN ..o 206

10.3.4 Deep Convolutional Framelets............................. 208

10:4  Geomey- OLCINN o v bids wwmi wre b me i st b ora s s i £ 211

1041 Roleof NonlREAritY s 0 s arsvn s sumssdin ity 211

10.4.2 Nonlinearity Is the Key for Inductive Learning ........... 211



Contents

11

12

13

XV
10.4.3 Expressivitysisbah sseifssnmtidd so 0l sdon i oaninis 212
10.4.4  Geometric Meaning of Features ...................... ... 213
10.4.5 Geometric Understanding of Autoencoder ................ 220
10.4.6  Geometric Understanding of Classifier.................... 222
10.5 Open Problems ... ..olcliitish it s cvinn i insssnsanssonass 223
10.6 EXercises.... ..o . bl s ihamliiid it dot et covuivns sans suosassmes 225
Deep Learning Optimization ... 227
LT IntroduChion . ..o eeaeas 227
11.2 Problem Formulaton e mme s msninnos s s s, 228
11.3 Polyak—t.ojasiewicz-Type Convergence Analysis .................. 229
11.3.1 Loss Landscape and Over-Parameterization .............. 232
11.4  Lyapunov-Type Convergence Analysis ...............cooevinnnn. 235
11.4.1 The Neural Tangent Kernel (NTK) ..............cooviin 237
11.4.2 NTK at Infinite Width Limit ..., 238
11.4.3 NTK for General Loss Function .................ccooven. 240
105 EX OIS 1o v v e st veruesrrnesrrneesacasssaseerornssionnrrssiaresss 241
Generalization Capability of Deep Learning ............................ 243
121 IntrodUCHON. .. oo 243
12.2 Mathematical Preliminaries. . .c.ci.cooisrvvonismosmansim v 244
12.2.1  Vapnik—Chervonenkis (VC) Bounds....................... 246
12.2.2  Rademacher Complexity Bounds .......................... 251
12.2.3 PAC-Bayes Bounds ...........ccoooviiiiiiiiiiiinnn. 254

12.3  Reconciling the Generalization Gap via Double
Descent Model........cooiii 256
12.4  Inductive Bias of Optimization ..............oooiiiiiiiieennnn... 260
12.5 Generalization Bounds via Algorithm Robustness ................. 261
12:6  EXCICISes v i onnteavatisiiesiisnes oo oot s st e 265
Generative Models and Unsupervised Learning ........................ 267
131 Inroduction. ... 267
13.2  Mathematical Preliminaries. ..........ooooiiiiiiiiii e 269
3.3 Statistical DiSANCEst . svowarues vt s it ima i rb i s o 272
1331 f-DIVEIZeNnce ....oovuuiiiiiiiiiii i 272
13:3.2. Wasserstein MEtie o cvrs e eninns e cainacunuy 274
134 Optimal Transport ..........oooeiiiiiiiii e 277
13.4.1 Monge’s Original Formulation........................... 277
13.4.2  Kantorovich Formulation...............coovvvviiiivennn.n. 278
13.4.3  Entropy Regularization ..., 281
13.5 Generative Adversarial Networks ..., 283
135:1 Earliest-HoEmiof GAN < ciivmara s sevsmae oo 283
1352 F-GANG: o o oot gratia srio s e et 285
13.5.3 Wasserstein GAN (W-GAN) ........ooiiiiiiiiiiiii i 288

13.5.4  StyleGAN Lo 290



Xvi Contents
13.6  Autoencoder-Type Generative Models ................coooeeiinet. 291
LB B 1 o S R e L 291

13.6.2 Variational Autoencoder (VAE).........coooeiiiiiiin, 292

13163 BaVABREN it ot vodtii bi et s ide i v me e esiemea e e 296

13.6.4 Normalizing Flow, Invertible Flow ........................ 298

13.7 Unsupervised Learning via Image Translation ..................... 301
1351 PIa2pIX vacremmnens SRR S e s s 302

1372 CyeleGAN oo s some v s sy oo 303

13.7.3  S1ATGAIN . i vi5ie e 55 sinideminrsls fyadiosd bin insbidl mahenth Sis e ied 306

13.7.4  Collaborative GAN ...ttt 307

13.8  Summary and Outlook ........ ..o 311

JECTUR 25 10 (o) 1.1 T PSS S 311

14 Summary and Outlook...............cooiiiiiiiiiiiiiie s 315
15, BIDHOEraphy ..o o e oniaiin st S Joniine Bunons Lotiesn 317



